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i s  very n e a r l y  equa l  t o  t h e  actual r o l l  rate ob ta ined  from t h e  equa t ions  of 
motion on t h e  computer. Equation ( 3 )  i s  ob ta ined  by s e t t i n g  equat ion (2) equa l  
t o  zero,  s i n c e  $ w i l l  be  ze ro  when s t e a d y - s t a t e  i s  reached, and s o l v i n g  f o r  t h e  
r o l l  rate ( p )  which i s  now t h e  s t e a d y - s t a t e  ro l l  rate. 
(2) and equat ion (11, i t  can b e  seen t h a t  s i n c e  t h e  sum L ( 6 )  + L ( p )  = I & > O  
i s  so small, o n l y  a small n e g a t i v e  va lue  o f  t h e  induced ro l l  moment i s  necessa ry  
i n  o r d e r  t o  cause  6 t o  go to z e r o  o r  bec,ome negat ive.  
c r e a s i n g  i n  t h e  v i c i n i t y  of resonance (w<O) and, i n  o r d e r  f o r  t h e  v e h i c l e  t o  
lock - in  ( p  =Q), it i s  necessary t h a t  5 =a 4 0. 
( 1) becomes 
Looking a g a i n  a t  equat ion 
The p i t c h  rate i s  de- 
Under such c o n d i t i o n s ,  equat ion 
L ( 8  1 + L (p)  + L ( induced)  = I$ = IxGd  0 ( 4 )  
I n  o r d e r  f o r  t h e  v e h i c l e  t o  see an induced rol l  moment i t  i s  necessa ry  f o r  
t h e  t o t a l  a n g l e  of a t t a c k  t o  be g r e a t e r  than zero. A misalignment o r  asymmetry 
i n  t h e  v e h i c l e  w i l l  g ive  i t  a non- ro l l i ng  t r i m  angle.  When t h e  v e h i c l e  i s  ro l l -  
i n g  t h i s  n o n - r o l l i n g  t r i m  angle  w i l l  be magnified by a f a c t o r  as shown i n  F i g u r e  
( 7 ) .  T h i s  magn i f i ca t ion  f a c t o r  i s  t h e  r a t i o  of t h e  r o l l i n g  t r i m  a n g l e  t o  t h e  
n o n - r o l l i n g  t r i m  a n g l e  and i s  dependent on t h e  frequency r a t i o  and t h e  amount 
of damping a v a i l a b l e .  F igu re  ( 7 )  shows t h a t  t h e  magn i f i ca t ion  f a c t o r  i s  u n i t y  
when t h e  frequency r a t i o  i s  ze ro  <p = 0). As t h e  frequency ra t io  starts t o  
i n c r e a s e  t h e  magnif icat ion f a c t o r  slowly i n c r e a s e s  u n t i l  t h e  frequency r a t i o  
n e a r s  t h e  resonance r eg ion  ( p / w  = I ) ,  
i s  magnified i n  a f a sh ion  depending on t h e  a v a i l a b l e  damping i n  t h e  system. For 
a i r  v e h i c l e s  t h e  damping i s  u s u a l l y  such t h a t  l a r g e  i n c r e a s e s  i n  t h e  t o t a l  a n g l e  
of a t t a c k  can occur  a t  resonance. 
n i f i c a t i o n  f a c t o r  quickly dec reases  t o  values  much less than u n i t y  as t h e  f r e -  
quency r a t i o  inc reases .  The n o n - r o l l i n g  t r i m  can come from such f a c t o r s  as 
t h r u s t  misalignment,  f i n  misalignment, mass asymmetry, and v e h i c l e  c o n f i g u r a t i o n  
asymmetries. 
necessary t o  learn as much as p o s s i b l e  about t h e  magnitudes and d i r e c t i o n s  which 
may be expected f o r  each one. I f  t h e  non- ro l l i ng  t r i m  i s  s u f f i c i e n t l y  l a r g e  t h e  
t o t a l  a n g l e  of a t t a c k  of t h e  v e h i c l e  can be magnified t o  t h e  p o i n t  where t h e  i n -  
duced r o l l  moment can have s i g n i f i c a n t  e f f e c t s  on t h e  r o l l  behavior of t h e  veh ic l e .  
I n  t h i s  r eg ion  t h e  n o n - r o l l i n g  t r i m  a n g l e  
Af t e r  t h e  passage through resonance t h e  mag- 
Since one or more of t h e s e  w i l l  i n v a r i a b l y  be p r e s e n t ,  i t  i s  
Another important  f a c t o r  i s  t h e  phase s h i f t  i n  t h e  aerodynamic r o l l  a n g l e  
which occur s  between launch and resonance. 
phase a n g l e  from v i b r a t i o n s  theo ry  and a r e p r e s e n t a t i v e  ske tch  is  shown i n  
F igu re  (8). 
The aerodynamic ro l l  a n g l e  i s  t h e  
I t  i s  given by 




This r e p o r t  p r e s e n t s  an a n a l y s i s  of n i n e  computer runs s e l e c t e d  from t h e  
"Aerobee 350 Roll-Yaw Coupling Study", r e fe rence  (1). 
by Space General Corporat ion f o r  t h e  Goddard Space F l i g h t  Center. 
r a t i o n  used i s  shown i n  F igure  (11, and the nominal t r a j e c t o r y  parameters  are 
given i n  F igu res  ( 2 )  through ( 5 ) .  The runs  s e l e c t e d  f o r  t h i s  a n a l y s i s  a l l  had 
a 2' t h r u s t  misalignment o r i e n t e d  i n  a p lane  20' from t h e  r e f e r e n c e  f i n  as shown 
i n  F igu re  ( 6 )  and, t h e r e f o r e ,  s e r v e  t o  i l l u s t r a t e  t h e  e f f e c t s  of v a r i o u s  para-  
meters on t h e  behavior  of t h e  v e h i c l e  dur ing  and a f t e r  p i t c h - r o l l  coupl ing.  
This  s tudy  w a s  performed 
The configu-  
The a n a l y s i s  i s  based on t h e  theory expressed by t h e  au tho r  i n  r e f e r e n c e  
(21, a p o r t i o n  of which i s  inc luded  below f o r  completeness.  
THEORY 
The r o l l  equa t ion  of motion may b e  w r i t t e n  as  
L ( 6 )  + L (p)  + L ( induced)  = IXt (1) 
Th i s  s a y s  t h a t  t h e  sum of t h e  r o l l  d r iv ing ,  r o l l  damping, and induced ro l l  
moments is equal  t o  t h e  product  of t h e  r o l l  moment of i n e r t i a  t i m e s  the r o l l  
a c c e l e r a t i o n .  Under normal f l i g h t  condi t ions  t h e  r o l l  d r i v i n g  moment i s  
p o s i t i v e ,  t h e  ro l l  damping moment i s  negat ive,  and t h e  s i g n  of t h e  induced 
r o l l  moment i s  a f u n c t i o n  of the aerodynamic r o l l  ang le ,  t o t a l  a n g l e  of a t t a c k ,  
and Mach number. For  t h e  Aerobee 350 study,  t h e o r e t i c a l  means were used t o  de- 
termine t h e  r o l l  d r i v i n g  and r o l l  damping moments. The methods used d i d  n o t  
cons ide r  t h e  e f f e c t s  of aerodynamic r o l l  a n g l e  and t o t a l  ang le  of a t t a c k ,  t he re -  
f o r e ,  i n  t h i s  s tudy  t h e  r o l l  d r i v i n g  moment i s  always p o s i t i v e  and t h e  r o l l  
damping moment i s  always negat ive .  
b u t  i t  i s  t h e  b e s t  a v a i l a b l e  a t  t h i s  t i m e ,  and i s  p e r f e c t l y  adequate  from t h e  
t h e o r e t i c a l  p o i n t  of view f o r  s tudying  resonance phenomena. The induced r o l l  
moments w e r e  ob ta ined  i n  a s t a t i c  wind tunnel  t es t  conducted a t  t h e  Je t  Propul -  
s ion  Laboratory.  
This i s  n o t  a n e c e s s a r i l y  v a l i d  s i t u a t i o n ,  
U n t i l  a v e h i c l e  has  reached i t s  equi l ibr ium r o l l  rate t h e  a b s o l u t e  va lue  
of  t h e  r o l l  d r i v i n g  moment w i l l  exceed t h a t  of t h e  r o l l  damping moment. 
t h e  t o t a l  a n g l e  of a t t a c k  i s  zero, equat ion (1) becomes 
If 
(2 )  
For t h e  Aerobee 350 s tud ied  t h e  f i n  cant a n g l e  w a s  o n l y  0.312O. 
c a n t  a n g l e  results i n  a s i t u a t i o n  i n  which t h e  r o l l  d r i v i n g  moment i s  on ly  
s l i g h t l y  l a r g e r  than t h e  r o l l  damping moment i n  a b s o l u t e  value. 
u n t i l  some t i m e  p a s t  resonance when the dynamic p r e s s u r e  i s  low, a c a l c u l a t i o n  
of  t h e  s t e a d y - s t a t e  r o l l  rate a t  any point  i n  t h e  t r a j e c t o r y  from 
T h i s  small 
I n  f a c t ,  
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When p =a , 0' remains cons t an t  and t h e  v e h i c l e  i s  "locked-in". 
shows t h a t  0 '  changes very s lowly from t h e  i n i t i a l  t r i m  p l ane  u n t i l  t h e  motion 
i s  n e a r  resonance. The aerodynamic r o l l  ang le  then  i n c r e a s e s  i t s  rate of 
change, p a s s e s  through resonance a t  a p o i n t  90° away from t h e  o r i g i n a l  t r i m  
p l ane ,  and then  settles ou t  n e a r  180' from t h e  o r i g i n a l  t r i m  p l a n e  as the f r e -  
quency ra t io  con t inues  t o  i n c r e a s e  above resonance. The ske tch  r e p r e s e n t s  t h e  
s t e a d y - s t a t e  case wi th  adequate  damping and in s ign i f i cean t  t r a n s i e n t s  i n t roduced  
a t  resonance. I n  t h e  case of t h e  Aerobee 350 t h i s  i s  n o t  q u i t e  t h e  s i t u a t i o n .  
Due t o  the dynamics of t h e  f l i g h t  and t h e  r a p i d l y  changing environment, t h e  
aerodynamic r o l l  a n g l e  s h i f t  of 90° as w e l l  as the maximum magn i f i ca t ion  of the 
t o t a l  a n g l e  of a t t a c k  occur  s l i g h t l y  a f t e r  resonance. Also,  s ince t h e  damping 
i s  l o w  after resonance  and t h e  t r a n s i e n t s  can be s i z e a b l e ,  t h e  0 '  motion above 
resonance shows apprec iab le  ev idence  of t h e  t r a n s i e n t  r o l l  response  superim- 
posed on t h e  s t e a d y - s t a t e  motion. 
adequate  damping and, a f t e r  t h e  launch and boos te r  s e p a r a t i o n  t r a n s i e n t s  have 
been damped, t h e  aerodynamic r o l l  angle  h i s t o r y  up t o  resonance i s  as shown i n  
t h e  sketch.  
The ske tch  
The reg ion  below resonance, however, h a s  
The importance of t h i s  phase s h i f t  l ies i n  t h e  f a c t  t h a t  t h e  i n i t i a l  t r i m  
p l a n e  w i l l  b e  determined by t h e  d i r e c t i o n  of t h e  r e s u l t a n t  misalignment caus ing  
t h e  n o n - r o l l i n g  t r i m  angle. This determines,  t h e r e f o r e ,  t h e  reg ion  i n  which 
t h e  aerodynamic r o l l  ang le  w i l l  be  near resonance when t h e  n o n - r o l l i n g  t r i m  
a n g l e  i s  r e c e i v i n g  l a r g e  magnif icat ion,  thereby  producing l a r g e  induced r o l l  
moments. F igu res  C9) and (10) show the  induced r o l l  moment c o e f f i c i e n t .  D e -  
pending on where t h e  aerodynamic r o l l  a n g l e  i s  on t h e  v e h i c l e  t h e  induced r o l l  
moments may be h e l p f u l  o r  de t r imen ta l .  The o r i e n t a t i o n  and s i z e  of t h e  r e s u l -  
t a n t  misalignment on t h e  v e h i c l e  are,  the re fo re ,  ve ry  important  f a c t o r s  i n  
de te rmining  whether  or n o t  l ock - in  w i l l  occur.  
I n  r e f e r e n c e  ( 3 1 ,  Nicola ides  d i scusses  t h e  importance of t h e  s i d e  moment 
induced on t h e  v e h i c l e  by t h e  same condi t ions  which cause  t h e  induced r o l l  
moment. H e  shows t h a t  a p o s i t i v e  s i d e  moment w i l l  dec rease  t h e  damping w h i l e  
a n e g a t i v e  s i d e  moment w i l l  i n c r e a s e  t h e  damping. 
r o l l  moment i s  needed f o r  r o l l  lock-in,  t h e  s ign  of t h e  s i d e  moment i s  impor- 
t a n t  i n  t h o s e  aerodynamic ro l l  a n g l e  reg ions  where t h e  induced r o l l  moment i s  
negat ive.  
when t h e  t o t a l  a n g l e  of a t t a c k  i s  lower than t h e  c ros sove r  p o i n t  of t h e  induced 
r o l l  moment as seen i n  F igu re  (11). 
S ince  a n e g a t i v e  induced 
For  the Aerobee 350 t h e  s i d e  moment i s  n e g a t i v e  i n  these reg ions  
I t  w i l l  be noted  t h a t  t h e  n e a r l y  cons tan t  v a l u e  of  t h e  aerodynamic r o l l  
a n g l e  up t o  t h e  resonance r eg ion  r e s u l t s  i n  t h e  v e h i c l e  be ing  i n  a n e a r  l u n a r  
motion. 
v e c t o r  i s  remaining c l o s e  t o  t h e  i n i t i a l  t r i m  p l a n e  u n t i l  t h e  v i c i n i t y  of 
resonance. Th i s  i s  n o t  t h e  l u n a r  motion a t  t h e  n u t a t i o n  frequency which g ives  
r ise t o  t h e  p o s s i b i l i t y  of c a t a s t r o p h i c  yaw as d i scussed  i n  r e f e r e n c e  ( 3 1 ,  but  
i t  i s  t h e  n e a r l y  s t e a d y - s t a t e  motion whose frequency i s  equal  t o  t h e  r o l l  ra te  
which i s  t h e  d r i v i n g  frequency. 
t h i s  region s i n c e  t h e  t o t a l  a n g l e s  of a t t a c k  are small. 
Th i s  means t h a t  t h e  p l a n e  of  t h e  v e h i c l e  which i s  f a c i n g  t h e  wind 
S ide  moments are p r a c t i c a l l y  non-ex i s t en t  i n  
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ANALYSIS 
The computer runs  are l i s t e d  h e r e  with t h e i r  actual case numbers from 
r e f e r e n c e  (1). I n  o r d e r  t o  fo l low t h e  motion d e s c r i p t i o n ,  a ske tch  of t h e  
t r e n d  of t h e  induced r o l l  moment as a func t ion  of t h e  aerodynamic r o l l  a n g l e  
i s  shown i n  F i g u r e  (12). 
I 
i ,  
I CASE 20 
I 
This case was run us ing  l i n e a r  r i g i d  body aerodynamics which means t h a t  
t h e r e  w e r e  no induced r o l l  o r  s i d e  moments t o  a f f e c t  t h e  v e h i c l e  motion, and 
lock - in  could n o t  occur. I t  s e r v e s ,  t he re fo re ,  as a nominal case t o  which- 
t h e  o t h e r s  may b e  compared. 
r o l l  rate through resonance and, due t o  t h e  use  of l i n e a r  aerodynamics, t h e  
l i n e a r  p i t c h  rate i s  t h e  a c t u a l  p i t c h  r a t e  f o r  t h e  f l i g h t .  Also, i t  i s  n o t  
u n t i l  a f t e r  resonance t h a t  t h e  d i f f e r e n c e  between t h e  a c t u a l  r o l l  rate and 
t h e  s t e a d y - s t a t e  c a l c u l a t i o n  becomes not iceable ,  Resonance occurs  a t  abou t  
31.3 seconds. 
F i g u r e  (13) shows t h e  undis turbed passage of t h e  
I n  F igu re  (14) t h e  t o t a l  a n g l e  of a t t a c k  i s  seen t o  grow t o  a maximum 
of 6.75' a t  34 seconds and then  drop off sha rp ly  as t h e  frequency r a t i o  i n -  
creases above 1.0 and t h e  magn i f i ca t ion  f a c t o r  r a p i d l y  decreases .  
i n  t h i s  f i g u r e  i s  t h e  non- ro l l i ng  t r i m  ang le  of a t t a c k .  
Also shown 
I F i g u r e  (15) shows t h e  aerodynamic r o l l  a n g l e  as a f u n c t i o n  of t i m e .  I t  
shows t h e  aerodynamic r o l l  a n g l e  a t  resonance ( t i 3 1 . 3  see.) to be about  70° 
which, s t a r t i n g  from 20°, i s  a phase s h i f t  of on ly  50'. 
phase s h i f t )  i s  n o t  reached u n t i l  about 32.5 seconds. T h i s  l a g  i n  t h e  phase 
s h i f t ,  and a similar l a g  i n  t h e  peak magnification of t h e  t o t a l  a n g l e  of a t -  
t ack ,  i s  due t o  t h e  f a c t  t h a t  t h e  computer r e s u l t s  i n c l u d e  t h e  r a p i d l y  chang- 
i n g  environment, f l i g h t  parameters ,  and aerodynamic c h a r a c t e r i s t i c s  of t h e  
v e h i c l e ,  so t h a t  t h e s e  r e s u l t s  l a g  those  which would be ob ta ined  under c o n s t a n t  
cond i t ions .  
a v a i l a b l e  a f t e r  resonance. T h i s  i s  ev iden t  i n  t h a t  t h e  r o l l  motion does no t  
s e t t l e  ou t  a t  a phase s h i f t  of n e a r l y  180°, but  c o n t i n u e s  t o  show t h e  t r a n s i e n t  
e f f e c t s  superimposed on t h e  s t e a d y - s t a t e  motion. 
A 0 '  of l l O o  (90° 
T h i s  f i g u r e  a l s o  demonstrates t h e  s i g n i f i c a n c e  of t h e  low damping 
I 
CASE 12  
T h i s  case i n c l u d e s  t h e  n o n - l i n e a r  aerodynamics and elastic body c e n t e r  of 
I 
pres su re .  
A t  t = 26.0 sec.  t h e  r o l l  ra te  i s  proceeding i n  t h e  usua l  manner toward r e so -  
nance, t h e  n o n - r o l l i n g  t r i m  a n g l e  i s  e s s e n t i a l l y  unmagnified, t h e  aerodynamic 
r o l l  a n g l e  h a s  on ly  s h i f t e d  about 15O, and t h e  r o l l  a c c e l e r a t i o n  i s  very low. 
The r e s u l t i n g  motions are shown i n  F i g u r e s  (161, (171, and (18). 
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Now, as t h e  motion g e t s  t o  abou t  t = 29.0 sec., t h e  n o n - r o l l i n g  t r i m  a n g l e  
A t  t h i s  p o i n t  t h e  induced ro l l  moment i s  s i g n i f i c a n t  and p o s i t i v e  r e s u l t -  
i s  being magnified by a f a c t o r  of two, and t h e  aerodynamic r o l l  a n g l e  i s  near  
55O. 
i n g  i n  t h e  i n c r e a s e  i n  
a n g l e  p a s s e s  through 90 
t h e  t o t a l  a n g l e  of a t t a c k  has  inc reased  t o  about 4O so t h a t  t h e  s ize  of t h e  
induced r o l l  moment has  a l s o  increased.  
n e g a t i v e  and, s i n c e  t h e  r o l l  rate i s  near resonance w i t h  t h e  p i t c h  rate, t h e  
v e h i c l e  proceeds t o  lock-in a t  an aerodynamic r o l l  a n g l e  of about 105O. For 
t h i s  p a r t i c u l a r  case t h e  resonant  va lue  of t h e  aerodynamic r o l l  a n g l e  should 
b e  20' + 90° = l l O o .  
where t h e  induced r o l l  moment i s  nea r  n e u t r a l  s t a b i l i t y ,  whereas 105O i s  i n  t h e  
s t a b l e  region.  
i s  necessary f o r  r o l l  lock-in.  As t h e  t o t a l  a n g l e  of a t t a c k  i n c r e a s e s  t h e  i n -  
duced r o l l  moment a t  f i r s t  i n c r e a s e s  on t h e  n e g a t i v e  s i d e  and then  starts t o  
dec rease  on t h e  nega t ive  s i d e  as can be seen i n  F igu re  ( 9 ) .  As t h e  maximum 
t o t a l  a n g l e  of a t t a c k  i s  reached t h e  induced r o l l  moment i s  s t i l l  n e g a t i v e ,  b u t  
t h e  v e h i c l e  i s  a b l e  t o  break-out of t h e  locked-in cond i t ion .  I t  can do so be- 
cause,  even though t h e  induced r o l l  moment i s  nega t ive ,  i t  h a s  decreased i n  
magnitude and i s  no longer  a b l e  to  overcome t h e  sum of t h e  r o l l  d r i v i n g  and 
r o l l  damping moments. This  sum has increased du r ing  lock - in  because t h e  r o l l  
rate i s  d e c r e a s i n g  and t h e  r o l l  damping moment i s  d i r e c t l y  p r o p o r t i o n a l  t o  t h e  
r o l l  rate, t h e r e f o r e ,  it a l s o  dec reases  i n  magnitude. 
A t  t = 29.8 sec., however, t h e  aerodynamic r o l l  s *  and t h e  induced r o l l  moment becomes negat ive.  Also, 
The r e s u l t  i s  t h a t  fi suddenly becomes 
T h i s  r e p r e s e n t s ,  however, a p o r t i o n  of t h e  r o l l  cu rve  
Also,  t h e  va lue  of t h e  induced r o l l  moment a t  105O i s  t h a t  which 
Coincident  w i th  t h e  break-out ,  t h e  t o t a l  a n g l e  of a t t a c k  d e c r e a s e s  due to  
t h e  dec reas ing  magnif icat ion f a c t o r  above resonance. The small o s c i l l a t i o n s  
between t = 33.5 seconds and t = 36.0 seconds are due t o  t h e  f a c t  t h a t  t h e  
t o t a l  a n g l e  of a t t a c k  i s  s t i l l  l a r g e  enough t o  c a u s e  s i g n i f i c a n t  induced r o l l  
moments, b u t  t h e  s ign  of t h e s e  moments i s  changing because t h e  aerodynamic ro l l  
a n g l e  i s  undergoing a t r a n s i e n t  motion due t o  t h e  l a r g e  d i s t u r b a n c e s  caused by 
t h e  resonant  s i t u a t i o n ,  and t h e  decreasing damping due t o  i n c r e a s i n g  a l t i t u d e .  
From t h i s  p o i n t ,  t h e  r o l l  rate con t inues  toward s u s t a i n e r  burnout i n  t h e  usua l  
f a s h i o n ,  and t h e  t o t a l  a n g l e  of a t t a c k  damps t o  a small value.  
Th i s  case i s  an e x c e l l e n t  example of lock-in and break-out  and t h e  r easons  
given f o r  t h e  motions w i l l  apply f o r  t h e  rest of t h e  cases t o  be discussed.  
CASE 21 
T h i s  case i l l u s t r a t e s  t h e  importance of t h e  s i d e  moment i n  damping t h e  
T h i s  run i s  t h e  same as case 12 excep t  t h a t  a n g u l a r  motion of t h e  veh ic l e .  
t h e  s i d e  f o r c e  and moment are equal  t o  zero.  
and (211, t h e  motion u n t i l  l ock - in  occurs  i s  t h e  same as c a s e  12. Once lock - in  
h a s  occurred,  however, & i s  seen t o  be more n e g a t i v e  than i n  case 12 thereby 
causing b a l s o  t o  be more nega t ive .  
a v a i l a b l e  t o  h e l p  damp t h e  t o t a l  a n g l e  of a t t a c k  which i s  a b l e ,  t h e r e f o r e ,  t o  
R e f e r r i n g  t o  F igu res  (191, (201, 
T h i s  happens because t h e  s i d e  moment i s  n o t  
. 
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grow more r a p i d l y  than before .  Th i s  higher t o t a l  a n g l e  of a t t a c k  t i m e  h i s t o r y  
g ives  lower a b s o l u t e  va lues  f o r  t h e  p i t ch  frequency. When t h e  v e h i c l e  i s  a b l e  
t o  s tar t  break-out  a t  about t = 31.5 seconds, t h e  to ta l  ang le  of a t t a c k  i s  a l -  
ready up t o  loo. The r o l l  rate inc reases  f o r  about  0.3 seconds and then  a t  
t = 31.8 seconds i t  rap id ly  dec reases ,  pass ing  through ze ro  a t  about  t = 31.9 
seconds. A t  the same t i m e  the t o t a l  angle  of a t t a c k  i s  seen t o  grow t o  t h e  
v i c i n i t y  of 30°, a t  which p o i n t  t h e  computer c u t s  o f f  due t o  l ack  of aerodynamic 
da ta .  
a f t e r  break-out  t h e  aerodynamic r o l l  angle  pas ses  through 135O where a s i g n  
change occur s  i n  t h e  induced r o l l  moment. 
s ign  would now b e  p o s i t i v e ,  however, t h e  t o t a l  a n g l e  of a t t a c k  i s  now so high 
that  t h e  t r e n d  shown i n  F igure  (12) no longer  ho lds ,  b u t  i s  i n  f a c t  reversed.  
This  means t h a t  after 0 '  has  passed 135' the induced r o l l  moment has a very  
l a r g e  n e g a t i v e  va lue  which, i n  conjunct ion wi th  t h e  r o l l  damping moment, coni- 
p l e t e l y  o v e r r i d e s  t h e  d r i v i n g  moment a n d  causes  t h e  observed r o l l  r a t e  behavior.  
1 
The reasons  f o r  t h i s  behavior  can b e  expla ined  by observ ing  t h a t  soon 
A t  low t o t a l  ang le s  of a t t a c k  t h e  
The obvious conclusion from comparing t h i s  c a s e  wi th  case 12 i s  t h a t  t h e  
s i d e  moment i s  a very important  f a c t o r  i n  cons ide r ing  ro l l  lock- in ,  and t h a t  t h e  
aerodynamics of t h e  Aerobee 350 are such t h a t  t h e  s i d e  moment a i d s  the damping 
of  t h e  angu la r  motion under normal condi t ions  (i.e., low to t a l  a n g l e s  of a t t a c k ) .  
CASE 66 
Due t o  an ove r s igh t  t he  p i t c h  damping c o e f f i c i e n t s  used i n  t h e  s tudy  were 
only  one-half  of the  va lues  which should have been used. When t h i s  w a s  d i s -  
covered i t  w a s  decided t o  run case 12 with t h e  c o r r e c t  p i t c h  damping i n  o r d e r  
t o  determine t h e  e f f e c t s  of t h i s  error. 
(231, and ( 2 4 )  which can be  compared with F igu res  (161, (171, and (181 from 
case 12. U n t i l  lock- in  occur s  t h e  two cases  are t h e  same. During lock - in  
case 66 shows a less nega t ive  &J which is  due t o  t h e  h ighe r  p i t c h  damping t h a t  
ho lds  t h e  t o t a l  a n g l e  of a t t a c k  down and ,  t h e r e f o r e ,  r e s u l t s  i n  a h ighe r  abso- 
l u t e  va lue  of t h e  p i t c h  frequency. 
i s  about  13% less than c a s e  12 and break-out  s tarts about  one second ear l ier .  * 
The r e su l t s  are shown i n  F igu res  (221, 
The m a x i m u m  t o t a l  a n g l e  of a t t a c k  reached 
CASE 37 
I n  t h i s  case t h e  r o l l  d r i v i n g  c o e f f i c i e n t  s l o p e  ( C p ?  1 and t h e  rol l  damping 
c o e f f i c i e n t  s l o p e  (Cp 
Otherwise t h e  i n p u t s  are i d e n t i c a l  to case 12. 
(261, and (27) t h e  v e h i c l e  t o t a l  a n g l e  of a t t a c k  b u i l d s  up t o  t h e  p o i n t  where i t  
exceeds t h e  program l i m i t .  Th i s  i s  q u i t e  d i f f e r e n t  from case 12 where t h e  vehi-  
c l e  remains s t a b l e  and t h e  t o t a l  a n g l e  of a t t a c k  damps t o  a small va lue  fo l lowing  
break-out.  
amined i n  conjunct ion  wi th  c a s e  12. 
1 have been taken a t  one-half  of t h e i r  nominal values .  P 
As can be  seen i n  F igu res  (251, 
I n  o r d e r  t o  understand what happened i n  t h i s  ca se  i t  should be  ex- 
. 
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Since  t h e  v a l u e s  of t h e  r o l l  c o e f f i c i e n t  slopes* ( C q  and C_C 1 are only d h a l f  of t h e i r  nominal va lues ,  t h e  sum L(b)+ ,/- (p) up u n t i l  t h e e c c u r r e n c e  
of l ock - in  w i l l  on ly  be one-half  of t h a t  p rev ious ly  encountered, The re fo re ,  
a t  any given t o t a l  a n g l e  of a t t a c k  and aerodynamic rol l  ang le ,  t h e  induced r o l l  
moment w i l l  be  twice as e f f e c t i v e  when i t  i s  taken i n t o  cons ide ra t ion .  Also, 
on ly  one-half  of t h e  usual  r e q u i r e d  va lue  of t h e  induced roll  moment i s  needed 
i n  o r d e r  t o  e s t a b l i s h  r o l l  lock-in.  
shows t h e  lock-in r o l l  a n g l e  t o  b e  between 95O and looo r a t h e r  than a t  105O as 
i n  case 12. Th i s  r o l l  a n g l e  i s  c l o s e  to  t h e  symmetry p o i n t  of 90° and t h e  i n -  
duced r o l l  moment i s  correspondingly low, For t h e  same reason t h e  v e h i c l e  also 
has  a lower s i d e  moment a t  a given t o t a l  a n g l e  of a t t a c k  which r e s u l t s  i n  a 
smaller amount of damping, and,  consequently,  t h e  t o t a l  a n g l e  of a t t a c k  i s  a b l e  
t o  grow more r a p i d l y ,  
32 seconds. The r o l l  rate p l o t  shown i n  F igu re  (25)  shows t h a t  t h e  r o l l  rate 
h a s  a l r e a d y  s t a r t e d  t o  i n c r e a s e  by t h i s  t i m e .  This i s  due t o  an  o s c i l l a t i o n  of 
t h e  aerodynamic r o l l  a n g l e  j u s t  p r i o r  t o  i t s  break-out which approaches 90° 
where t h e  induced r o l l  moment i s  nea r ly  ze ro  and t h e  v e h i c l e ,  t h e r e f o r e ,  i s  
a b l e  t o  momentarily i n c r e a s e  i t s  r o l l  r a t e .  A s  break-out  starts a t  t = 32.0 
seconds, however, t h e  aerodynamic ro l l  a n g l e  moves i n t o  a r eg ion  where h igh  
induced r o l l  moments e x i s t  due t o  t h e  s t i l l  l a r g e  v a l u e  of t h e  t o t a l  a n g l e  of 
a t t a c k .  T h i s  causes  a dec rease  i n  t h e  r o l l  rate u n t i l  t = 32.4 seconds a t  
which t i m e  t h e  r o l l  rate i n c r e a s e s  up to  t h e  v i c i n i t y  of t h e  nominal r o l l  rate 
and o s c i l l a t e s  about  t h i s  value.  The l a r g e  ampli tude of t h e s e  o s c i l l a t i o n s  i s  
due t o  t h e  l a r g e  induced r o l l  moments which are a c t i n g  on t h e  veh ic l e .  
. This can be seen i n  F igu re  (27) which 
Break-out of t h e  aerodynamic r o l l  a n g l e  occur s  a t  about 
Corresponding t o  t h e  break-out  of t h e  r o l l  rate, t h e  t o t a l  a n g l e  of a t t a c k  
s tar ts  t o  d e c r e a s e  as i t  d id  i n  case 12,  I n i t i a l l y ,  t h i s  dec rease  i s  due t o  
t h e  lower magn i f i ca t ion  as t h e  frequency r a t i o  i n c r e a s e s  above resonance, and 
a l s o  t o  t h e  s i d e  moment which i s  negat ive i n  t h i s  region of t h e  aerodynamic r o l l  
a n g l e  (goo< @ I <  135'1, thereby h e l p i n g  t o  damp t h e  motion. 
however, 0' p a s s e s  through 135O and t h e  s i d e  moment becomes p o s i t i v e  and starts 
dec reas ing  t h e  damping, A t  t = 32.9 seconds, t h e  damping can no longe r  con ta in  
t h e  motion and t h e  t o t a l  a n g l e  of a t t a c k  aga in  i n c r e a s e s .  
t h e  aerodynamic r o l l  a n g l e  exceeds 180' and t h e  s i d e  moment becomes a s t a b i l i z i n g  
i n f l u e n c e  aga in ;  however, by t h i s  t i m e  t h e  t o t a l  a n g l e  of a t t a c k  i s  up t o  g o  and 
t h e  v e h i c l e  i s  passing through t h e  condi t ion of n e u t r a l  s t a t i c  s t a b i l i t y  due to  
t h e  forward s h i f t  i n  c e n t e r  p r e s s u r e  as t h e  t o t a l  a n g l e  of a t t a c k  i n c r e a s e s .  As 
Figure  (26 )  demonstrates ,  t h e  s t a b i l i z i n g  e f f e c t  of t h e  s i d e  moment a t  t h i s  t i m e  
c o n t r i b u t e s  too l i t t l e ,  too la te ;  and the  v e h i c l e  becomes unstable .  
A t  about  32.6 seconds, 





T h i s  case i s  t h e  same as c a s e  12  except t h a t  t h e  f i n  can t  a n g l e  h a s  been 
The r e s u l t i n g  motions are shown reduced by 10% as has  t h e  i n i t i a l  ro l l  rate. 
i n  F i g u r e s  (281, (291, and (30). Due to t h e  lower v a l u e  of t h e  nominal r o l l  
rate a t  any given f l i g h t  t i m e ,  when compared t o  case 12,  resonance occur s  a t  
a later t i m e  i n  t h e  f l i g h t ,  t = 30.5 seconds, as shown i n  F i g u r e  (28).  The 
t o t a l  a n g l e  of a t t a c k  a t  resonance, Figure (291, is  somewhat h i g h e r  than i n  
case 12 and t h e  r e s u l t i n g  lock - in  va lue  f o r  t h e  aerodynamic ro l l  ang le ,  F igu re  
(301, i s  i n  t h e  v i c i n i t y  of looo r a t h e r  t han  105O. T h i s  means t h a t  a t  a given 
t o t a l  a n g l e  of a t t a c k  during lock - in  t h e  s i d e  moment i n  t h i s  case w i l l  b e  less 
than t h a t  i n  case 12. As a r e s u l t ,  even though break-out  occur s  around t = 33.5 
seconds,  t h e  t o t a l  a n g l e  of a t t a c k  growth i s  such t h a t  t h e  a v a i l a b l e  damping 
cannot  prevent  t h e  v e h i c l e  from becoming s t a t i c a l l y  unstable .  
CASE 62 
T h i s  case i s  i d e n t i c a l  t o  case 12 i n  a l l  r e s p e c t s  except t h a t  t h e  f i n  c a n t  
a n g l e  has  been inc reased  by 10% as h a s  t h e  i n i t i a l  r o l l  rate. 
F igu re  (311, resonance occurs  earlier than i n  case 12 due t o  t h e  h i g h e r  ro l l  
rate. Comparison of F igu re  (32) w i t h  Figure (17)  shows t h a t  t h e  t o t a l  a n g l e  
of a t t a c k  h i s t o r y  about t h e  resonance point  i s  lower f o r  case 62. I n  a d d i t i o n ,  
F igu re  (33) shows that t h e  v e h i c l e  does n o t  completely lock-in as d i d  case 12. 
Also, i n  t h e  resonance region,  t h e  aerodynamic r o l l  a n g l e  i s  as l a r g e  as or 
g r e a t e r  t han  t h a t  i n  case 12. T h i s  results i n  a l a r g e r  s t a b i l i z i n g  s i d e  moment 
which r e t a r d s  t h e  t o t a l  a n g l e  of a t tack growth. When break-out  occur s ,  t h e r e -  
f o r e ,  t h e  v e h i c l e  s t i l l  h a s  s u f f i c i e n t  s ta t ic  s t a b i l i t y  so t h a t  t h e  t o t a l  a n g l e  
of a t t a c k  i s  damped to  a r e l a t i v e  low value above resonance. 
As shown i n  
CASE 30 
Th i s  run d i f f e r s  from c a s e  12 i n  t h a t  a n o n - l i n e a r  r i g i d  body c e n t e r  of 
p r e s s u r e  w a s  used i n  p l a c e  of t h e  non-l inear  elastic body center of p re s su re ,  
The r e s u l t s  are shown i n  F igu res  (341, (351, and (36 ) .  Comparison of F igu re  
(34)  wi th  F igu re  (16)  shows t h a t  both lock-in and break-out  occur l a te r  i n  
case 30. T h i s  i s  due t o  the  h i g h e r  p i t c h  rate t i m e  h i s t o r y  which r e s u l t s  i n  
t h e  r i g i d  body s i t u a t i o n .  T h i s  h i g h e r  p i t c h  rate i s  caused by t h e  i n c r e a s e  i n  
d i s t a n c e  of t h e  c e n t e r  of p r e s s u r e  from t h e  c e n t e r  of g r a v i t y  when t h e  elastic 
e f f e c t s  are neglected.  
F igu re  (35) shows t h e  lock - in  aerodynamic r o l l  a n g l e  t o  b e  about  1 0 5 O  
which i s  t h e  same as case 12. 
t ack  t o  be abou t  8.4O a t  t = 35.1 seconds, whereas i n  case 1 2  t h e  maximum w a s  
8.1° a t  t = 33.9 seconds. 
of resonance i n  case 30 and t h e  r e s u l t i n g  lower v a l u e  of damping a v a i l a b l e  due 
t o  t h e  h i g h e r  a l t i t u d e .  
F i g u r e  (361 shows t h e  peak t o t a l  a n g l e  of a t -  
Th i s  d i f f e r e n c e  i s  caused by t h e  later occur rence  
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CASE 64 
This  c a s e  d i f f e r s  from case 1 2  i n  t h a t  t h e  c e n t e r  of g r a v i t y  has  been moved 
0.5 c a l i b e r s  a f t ,  t h u s  dec reas ing  t h e  static margin by t h i s  c o n s t a n t  va lue  over  
t h e  e n t i r e  f l i g h t .  Th i s  dec rease  i n  s t a t i c  margin compared t o  c a s e  1 2  resul ts  
i n  a lower p i t c h  rate time h i s t o r y ,  thereby caus ing  resonance t o  occur  earlier, 
F igu re  (37 ) .  I n  F igu re  (39) t h e  aerodynamic r o l l  a n g l e  i s  seen t o  behave very 
similar to  case 62 i n  t h a t  complete lock-in does no t  occur. 
duced s ta t ic  margin causes  static i n s t a b i l i t y  t o  occur  a t  about  31.6 seconds 
and t h e  t o t a l  a n g l e  of a t t a c k ,  F igu re  (381, cont inuea  t o  b u i l d  up t o  t h e  machine 
c u t - o f f  va lue  of 30°. 
. 
Even so, t h e  re- 
SLlMMARY 
This  a n a l y s i s  has  demonstrated t h e  importance of looking a t  a l l  of t h e  
f a c t o r s  which can c o n t r i b u t e  t o  t h e  motions of a v e h i c l e  i n  t h e  r eg ion  of 
p i t c h - r o l l  coupl ing.  
e f f e c t s  of bo th  l a r g e  and small changes i n  va r ious  v e h i c l e  parameters .  
c a t i o n  of t h e  p h y s i c a l  p i c t u r e  presented  h e r e i n  should be a v a l b b l e  t o o l  i n  
ana lyz ing  t h e  motion of any v e h i c l e  a f f e c t e d  by p i t c h - r o l l  coupl ing.  
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R o l l  damping c o e f f i c i e n t  s l o p e  dCl/d($1 
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0 '  
Body diameter 
P i t c h  and yaw moment of i n e r t i a  
R o l l  moment of i n e r t i a  
Induced ro l l  moment 
R o l l  damping moment 
R o l l  d r i v i n g  moment 
Mach number 
P i t c h i n g  moment ( = + T  1 
Roll rate 
R o l l  a c c e l e r a t i o n  
S t e a d y - s t a t e  ro l l  rate 
Time 
Ve loc i ty  
Angle of a t t a c k  (body axes)  
Angle of s i d e s h i p  (body axes )  
Fin c a n t  a n g l e  
To ta l  a n g l e  of a t t a c k  ( =&- 1 
Aerodynamic r o l l  angle  ( = t a n  -1 tan  
tan 1 
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